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1. Introduction

ORMATION flying, in which several spacecraft maintain their

relative positions with each other, has attracted much attention in
recent years, and various missions for Earth and astronomical obser-
vations using spacecraft flying in formation have been proposed
[1,2]. A spacecraft that moves in a reference orbit is called the chief
spacecraft, and a spacecraft flying in formation with the chief
spacecraft is called the deputy spacecraft. The relative equations of
motion for a circular reference orbit are given by the well-known
Hill-Clohessy—Wiltshire (HCW) equations [3]. The HCW equations
are a set of linearized equations that describe the motion of the deputy
relative to the chief under the assumption that the Earth is perfectly
spherical. Because the effects of the Earth’s oblateness (as described
by the J, term in the Earth’s gravitational potential) are ignored in the
derivation of the HCW equations, they cannot be used to accurately
predict relative motion over a long time period. Many studies have
incorporated the effects of the J, perturbation. Schweighart and
Sedwick extended the HCW equations to include the effect of J, and
derived a set of constant-coefficient linearized equations of motion
[4,5]. Ross [6] and Roberts and Roberts [7] derived a set of time-
varying coefficient linearized equations of motion using the gradient
of acceleration due to J,.

Even when the chief orbit is nominally circular, a small eccen-
tricity usually occurs because of J,. In general, the relative equations
of motion for a chief with an elliptic orbit are known as the
Tschauner—Hempel equations [8]. The relative motion in an elliptic
orbit becomes much more complicated because of J,. Gim and
Alfriend derived a state transition matrix for the relative motion
under such conditions with the effects of J, [9]. Hamel and
Lafontaine also derived a state transition matrix for the relative
motion. They approximated the time variation in the difference
between the osculating orbit elements of the chief and deputy by
using the difference between the mean orbit elements and obtained a
simple form of the matrix [10]. In addition, Humi and Carter focused
on cases in which the chief follows an equatorial orbit and a polar
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orbit and derived relative equations of motion under J, [11]. An
averaged solution of the relative motion when the chief is in an
elliptical orbit with the J, perturbation was also obtained [12].
Moreover, a method to modify the initial conditions of a formation
through numerical integration of the equations of motion by using the
Gaussian least-square method was proposed [13].

In this study, we use the solutions to the HCW equations to focus
on two formations in which the relative distance between the chief
and deputy is constant: an along-track formation and a circular
formation. We analyze the relative distance variation due to J,. This
distance variation is particularly crucial when formation flying is
used to create a telescope with a long focal distance. In relation to the
distance variation caused by J,, Sabatini et al. used a genetic algo-
rithm and examined the conditions required to minimize the devia-
tion from a circular formation; they found that the chief orbit had two
special inclinations at which the deviation becomes extremely small
[14]. Moreover, the condition for the agreement of in-plane and out-
of-plane fundamental frequencies of the relative motion under the
effects of J, is reduced to the same inclinations as that of the chief
orbit [15].

The main objective of this study is to analyze the relative distance
variation within one orbit period for a mission in which the relative
distance is precisely maintained. For this purpose, we take a novel
approach to derive a state transition matrix without using the mean
orbit elements of the chief, assuming that the eccentricity of the chief
is small, i.e., of the same order of magnitude as J,. From this state
transition matrix, we obtain the relative distance variation occurring
in one orbit period in an analytical form. Furthermore, we also derive
the relation between the initial values of the deputy and the relative
distance variation. The new formulation of the deputy initial values in
terms of the osculating orbit elements is derived to reduce the dis-
tance variation. Finally, numerical simulations are carried out to
validate the analytical results.

II. State Transition Matrix
A. LVLH Coordinates

A local orthogonal coordinate system with its origin at the center
of mass of the chiefis selected such that the x axis is aligned along an
imaginary line drawn from the Earth’s center of mass to the chief; the
z axis is aligned along the direction normal to the orbital plane of the
chief, and the y axis constitutes the right-hand system along with the
x and z axis. These local coordinates are called local-vertical-local-
horizontal (LVLH) coordinates. It is assumed that the J, forces are
exerted on both the chief and the deputy in addition to the nominal
gravitational forces, which are inversely proportional to the square of
the distance from the center of the Earth to each spacecraft. Let the J,
gravitational forces that are exerted on the chief per unit mass be
[f+ fy f.]inthe LVLH coordinates. These forces are expressed
using the orbit elements of the chief as follows [16]:

31J,R?
fo =220 3sin?i sin?6, — 1) M
2r¢

3, R?

f, = —Mz—isinzig sin26, )
rC

31, R?

fo=- 'u2r24 sin 2i, sin 6, (3)

where J, = 1.0826 x 1073, v is the gravity constant of the Earth, R is
the equatorial radius of the Earth, r, is the distance from the center of
the Earth to the chief, i, is the inclination of the chief orbit, 6, is the
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true latitude of the chief, and the subscript ¢ represents variables of
the chief.

B. Transformation of State Vector

The spacecraft position vector r from the center of the Earth
expressed in the LVLH coordinates is defined as

r=[r. r, r] “)

p:[rx ry r; ';x ’:y i’z]T (5)

The relative state of the deputy with respect to that of the chief is
expressed as dp = p, — p., where the subscript d represents
variables of the deputy. The spacecraft orbit elements are defined as

s=[a e i @ o M (6)

where a is the semimajor axis, e is the eccentricity, €2 is the right
ascension of the ascending node, w is the argument of the perigee,
and M is the mean anomaly. The deviation of the orbit elements of the
deputy from those of the chief are expressed as és = s, — s.. We now
compute the time evolution of §s and derive the relationship between
dp(6.) and 6p(0), where 8p is regarded as a function of the true
latitude 6. It is assumed that in the nominal state, the deputy is
located at a certain distance from the chief, the ratio of this distance to
the semimajor axis of the chief a,. is small, and the eccentricity of the
chief is also small. Under these assumptions, the relationships
required for calculating the state transition matrix in the LVLH
coordinates are derived by neglecting the second- and higher-order
terms of J, and the aforementioned small quantities.

C. Transformation Between §p and s
The transformation between §p and s is expressed as

_p

8p = AHSSS’ AHS - g

O

c

0
55 = Audp, A=Azl = ﬁ ®)

c

where the subscript ¢ of the partial derivatives signifies that the
evaluation is made at the state (orbit elements) of the chief. The
matrices A, and A are easily derived from [9].

D. Time Evolution of s

Next, we compute the time evolution of és. By determining the
time evolution, we can obtain the state transition matrix in the LVLH
coordinates by multiplying the above coefficient matrices. Gauss’s
variational equations expressing the variations of the osculating orbit
elements are expressed as follows [17]:

da, 2a; ; Pe

= (e + 21) v
de, 1 .
dr - }T [pc sin vcfx + ((Pc + rc) cos v, +r¢ e()‘fy] (10)

di. r.cos@.
(R 11
P 7 f: (11)
aQ, 1. sin 6,

dr ~ h.sini ’*

(12)
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d 1
((;;E = hce(r [_pc Cos vzrfx + (p(r + rc) sin Ucf_v]
T sin@lcc.osiC : (13)
h.sini,
dMC =n. + < [(p(r Cos v, — 2rcev)fx - (pc + r(r) sin vcfy]
dr achrec
(14)

where v, is the true anomaly of the chief, n, is the mean angular
motion of the chief, p, = a.(1 — €2), h, = n./1 — e2a2, and b,=
a.+/1 — 2. Gauss’s variational equations can be expressed as

ds
2 —w 15
P (15)

From this equation, the time evolution of ds is obtained as

ad
% = A[;SSS, ASY = il

dr CT s (16)

Because the exact solution of this equation cannot be analytically
obtained, the perturbed solution is expressed by considering the J,
term as small. First, &s is regarded as a function of time ¢, where t = 0
is defined as the time at the ascending node 6. = 0 of the chief. A,
and 8s can be expressed as the sum of the terms that depend on J,
(subscript J) and those that are independent of J, (subscript N),
respectively, as

A 8s = A&'N + ASSJ (17)

8s = sy + 6s, (18)

From these equations, the following equations are obtained as the
zeroth- and first-order differential equations:

SBEN = Agndsy (19)

dés,

a = Asn0s; + Ay Oy (20)

As for the matrix Ay, the (6,1) component has the value
—3n./(2a.), but all other components are 0. In addition, because the
product of 8a and —3n./(2a.) is also small, the above equations are
further simplified by substituting the initial values §s (0) and ds;(0)
into 8s, and ds; on the right-hand side, respectively. Then, ésy and
s, are given by

sy (1) = (Lg + Agnt)dsy(0) @n

85,(1) = (I + Agoy1)35,(0) + / "AssSsy()di (22)
0

where I is a6 x 6 unit matrix. Thus, we can obtain s (¢) as 8sy (1) +
s, (7). In the calculation of Egs. (21) and (22), the integration over ¢ is
transformed into that over 6, by using the relation &, = r26,. When
time 7 is explicitly included in the integrated terms or the integration
cannot be executed analytically, 7. is expanded around e, = 0 as

re=a.(1 —cosv.e, —sin’v ez + ) (23)

From this equation, time 7 can also be approximated by the true
anomaly v, as

, Vv, +w, 2(sinv, + sinw,)
= — e
n

¢
¢ n

n 3(sinv, cos v, + sinw, cos w,
2n

c

Dag e

c
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By carrying out these calculations, ds(t) can be changed into a
function of the true latitude 6,, §s(6,.).

E. Time Evolution of ép

When 6s(6,) is calculated, §p(6,) is obtained by multiplying A ;.
As Ay, becomes a function of the true latitude 6., this matrix is
expressed as A y,(6,). Then, the following equation is obtained:

81)(0() = AHS(QL')SS(GC) (25)

In this equation, the terms in Ay, (6,) are composed of the orbit
elements (a., e, i., 2., 0., 0.), and these elements vary due to J,. In
the calculation of A 4,(6,), the variation in each orbit element needs
to be considered. Let each orbit elementbe u; (i =1,2,---,6), and
let Ay, (6,) be Ay (6.) when the variation in u; is not considered.
Then, A y,(6,) can be calculated from A,y (6,) as

aHs

A (00 = Ay (6) + Z Au (26)

N

where 0A y,/du;|y denotes A y,/du; without the effects of J,, and
Au; denotes the variation in the orbit element u; caused by J,. Au; is

obtained as
/ d—”r— de, 27

du;/dt in this equation can be calculated using Eqgs. (9-14). Special
attention should be paid to the calculation of Af., because the
nominal orbit rate is included in the time derivative of 6... First, on the
basis of the relations

 [ite E
Ve [1¥ e nte (28)

tan— =
My =V1=e, M2

E.—e.sinE. =M, 29)
where E, is the eccentric anomaly of the chief, we obtain the time
derivative of 0, = v, + w, as

dg, (1 +e.cos v)?dM, dw, sinv.(2+ e.cosv,.)de,
A (1—e€)F  dt o dt 1— ¢ dr
(30)

The aforementioned equation can be expressed in terms of vy,
which is independent of J,, and v,.;, which depends on J,, as

dé, (1 + e.ycosv,.)’ng
£ = vy + Vg, vy=——2—S"2% (31
s N J N (=) (3D

where subscript 0 denotes the osculating orbit elements at the
ascending node (8. = 0) of the chief. Then, A6, can be expressed as

O dch L O r%
A@C_A d6. D 4o +/ v 46, (32)

By differentiating both sides of this equation with respect to 6, and
rearranging the terms, we obtain the following equation for Af,.:

dAd. 2e.osin v, vy (1 =€)

=— — A
de. 1+eqycosv, ¢ + ng(1 + ey cosv,)?

(33)

By considering only the first-order terms of J,, A6, can be obtained
as the solution of this differential equation as

3
Ve (1 — €3)?

0,
AG. = (1 2 _—
¢ ( * G0 €08 VC) A ncO(l + €0 COS ve)4

de, 34
All the components of Au; can be obtained from Eqs. (27) and (34).

By using the above equations, 6p(6..) can be calculated from 6p(0)
as follows: és(0) is obtained from Ay as
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85(0) = A, (0)5p(0) 35)

where Ay is regarded as a function of the true latitude 6,. Then,
ds(6.) is obtained from &s(0). By using Eqgs. (25-27), dp(6,) is
obtained from és(6,.). The state transition matrix ®(6,,0) that
translates §p(0) to §p(6,) is obtained as

® (0(" 0) = AHS (0(')A3s (9(" O)ASH (O) (36)

ITII. Relative Distance Variation During Orbit Period

By employing the state transition matrix ®(6,, 0), we can evaluate
the distance variation between the chief and the deputy during one
orbit period. Here, the focus is on the following two cases: i) an
along-track formation wherein the chief is in a circular orbit and the
deputy moves in the same orbit as that of the chief and at a constant
distance from the chief, and ii) a circular formation wherein the chief
is in a circular orbit and the deputy makes a circular formation with
respect to the chief. How the relative distances are affected by J, is
analyzed in the following sections.

A. Along-Track Formation

It is assumed that the initial values of the deputy at the chief
ascending node are given by the following §py:

Spo=[0 d, 0 0 0 O 37)

where d,, is the distance in the moving direction. According to the
procedure in the previous section, the relative position and velocity of
the deputy at the true latitude 6, are obtained from &p(0). The
components of the relative position and velocity dp(6,.) are assumed
to be

5p(90)=[px Py Dz Ux Uy vz]T (38)

The relative distance variation Ad is given by

Ad = \[p:+ p3 + p: —d, (39)

By substituting dp(0) = ép, and using ®(6,,0) in Eq. (36), the
following Ad,, is obtained as
Ad, =

2i.0(1 —c0s20,) + (5 — 2cos?i ) (1 — cos 6,)]

+ e.d, (=36, sinw,y + 3sinw, sin 6, — cos w, cos 6,
+ cosw,g) (40)
where « is set as
_ J,R?

2
Ao

As is clear from Eq. (40), the relative distance varies with the period
of the chief and with twice the period of the chief. To reduce this
distance variation by properly setting the initial values of the deputy
at the ascending node of the chief, we first change the initial values
of the deputy by a small quantity Adp, from those given by §p, in
(37) as

Adpy=[ Apxo AP)-O Apyy Avy AU)-O Avy |7 (41)
where Ap,g, Ap,g, and A p, are assumed to be of the order of J,d,;;
and Av,g, Avy, and Av, are assumed to be of the order of J,n.d,,.
The relative distance Ad is set as follows when the relative initial
values of the deputy are 5p(0) = épy + Adpy:

Ad=Ad, + ¢ 42)

€ appearing in this equation is given as follows (the second- and
higher-order terms of J, are neglected):
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AUXO

neo

€=—6(0, —sin0.)Ap,, + Ap,y—2(1 —cos 0,.)

AU},O

neo

— (30, —4sin6,)

(43)

As is clear from Egs. (40) and (43), the term with the same period
as that of the chief can be eliminated by setting Ap,, and Av,, as

1
Apx() =- 5 du €co sin Weo (44)

e da

Avyy = [c(2c08%i,q — 5) + 2e. cos ) 45)

When Ap,, and Av,, are set as Eq. (44) and (45), respectively, and
all other components of Adp, are 0, Ad in Eq. (42) becomes

ad,sin?i. (1 — cos 26,)
2

Ad = (46)

Because Ad in Eq. (46) is only the first term of Ad, in Eq. (40), itis

clear that the relative distance variation is largely decreased when the
initial values of the deputy are fixed according to Eqs. (44) and (45).

B. Circular Formation

The case of a general circular formation (GCO) [18] is considered.
The initial values of the deputy are set as follows:

§po=[(d,sing)/2 d.cos¢ (+v/3d, sing)/2
(nc()dc CoS ¢)/2 _nc()dz‘ sin ¢ (‘/gn(‘()dc CoS ¢)/2]T
7

where d, is the nominal value of the formation radius and ¢ is an
arbitrary phase angle. The solution of the HCW equation, without
considering the J, term, is given as follows:

d, .
Px = TSIH(nC()t + ¢)7 py = d(‘ COS(nC()t + ¢)

p.= Jid sin(no! + ¢) (48)

Then, the deviation in the radius with J, is expressed in the following

form:
Ad = /pi+ p; + p: —d. (49)

The result of the expansion of Eq. (49) in the first order of J, with
the initial value of §p(0) = 8p, is set as Ad.. The concrete form of
Ad. is obtained by the state transition matrix ® (6., 0) and is given in
the appendix.

As shown in the appendix, there are some secular terms that
include the true latitude 6, directly, in addition to the periodic terms
composed of sin 6., sin 26, etc. When the secular terms exist, the
relative distance gradually diverges. Therefore, these terms should be
eliminated. Here, we consider eliminating these terms by suitably
setting the initial values of the deputy and the orbit elements of the
chief.

As with Eq. (41), we change the initial values of the deputy at the
chief ascending node by a small quantity Aép, from those given by
dpg in Eq. (47). Then, Ad of Eq. (49) is given by

Ad=Ad.+¢€ (50)

Here, the value € is given as follows (the second- and higher-order
terms of J, and e, are neglected):
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€= |:—6GC cos(6,. + ¢) + %sin(ZGE + ¢) + 2sin(6, + ¢)

15 3
i [ Apa + cos(6,+ 9)3p + > fin(26, + 9

+ sing]Ap, + ECOS(ZG’C + ¢) —2cos(6,. + ¢)

AUX()

neo

+ %cos ¢] + |:—39€ cos(6, + ¢) + %sin(ZOL, + ¢)
Aty + ?[— cos(26, + ¢)

neo

+ sin(6,. + ¢) — %sin ¢]
AUZO

neo

+ cos @]

(1

Because Ap,, and Av,, cause secular terms in this equation, these
two components can eliminate the secular terms proportional to
0, sin 6. and 6. cos , in Ad,. For example, when Av,, is used to
eliminate the secular terms, Ap, and Av,, are given by

Apy=0 (52)
n('Odc : .
Avyy = — 4 [@(2v/3cgsin2i g + 3s¢)
~+ 2e.o(sin . cos ¢ + 3 cos w, sin @)] (53)

where s¢ = sin ¢ and c¢ = cos ¢. The secular terms proportional to
0. sin 6. and 6, cos 0. in Ad, are eliminated by Eqgs. (52) and (53).
The secular terms with respect to 6, in Ad, appear in proportion to
sin%i sin 2¢. Thus, to eliminate these terms, it is appropriate to set
the initial phase angle ¢ to satisfy the following equation:

sin2¢ = 0 (54)

It follows that s¢p = 0 or c¢p = 0. In each case, the secular terms that
depend on 6, sin 26, in Ad, have the following values:

s¢p=0: — %adc(li — Tcos?i)6, sin 26,

9
cp=0: ﬁad(.(l — 5c08%i,)0, sin 26,

Therefore, to eliminate these terms, the inclination of the chief i,
should be set as

s¢ = 0: cos?i,y = % (i =49.1°) (55)

c¢p=0: cos®iy = é (i,o = 63.4°) (56)
where the values in the parentheses are those that are limited within
0 <i. < m/2. These inclinations are the same as the special
inclinations [14]. By using Egs. (52-56), all the secular terms in Ad
can be eliminated.

Next, parts of the periodic terms are eliminated by properly setting
the initial values of the deputy. Here, the components of A pyo, Ap 4,
Av,, and Av,, except for Ap,, and Avy, that are set in Egs. (52)
and (53), respectively, are considered. The term € that does not
depend on A p,, and Av,g in € of Eq. (31) is defined. € is expressed as

é=w'Cdp, (57)

EZ[A%O Apy Avygy Avyl"

w=[sinf, cosf.—1 sin20, cos26,—1 1]"
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where C is the following matrix:

—s¢ 0 256 0

neo
N
_ V3ch 3s¢ s
C=| 0 7 -6, % (58)
0 B 3 _ e
4 4n.o 4ng
cp Lsp 0 0

The rank of matrix C becomes different in the cases of s¢p = 0 and
c¢ = 0. Hereafter, these two cases are considered separately.

a) Case s¢p =0

In this case, rank (C) = 4. Although the term proportional to sin 6,
in Ad, cannot be eliminated, other terms that are proportional to
cos 6., sin26,, and cos26, and the bias term at . =0 can be
eliminated. Then, each component of ép, is obtained as

Apy=0 (59)
2ud,. sin 2,
Apy= TO (60)
31d.n,

Avygy=— [a(1 + 2co0s%i.o) — 2e. cOs W] (61)

64co

_ ﬁdv”c()

Bvg = 5o S (=61 + 406005%icg) + e cosee] - (62)

When the initial values are set according to Egs. (52), (53), and (59—
62), and the inclination of the chief is set as cosi., = 1/3/7 and
sini.y = /4/7 so as to satisfy Eq. (55), Ad in this case becomes
d.
Ad = ﬁ[lSa cos 46, — (13a — 14e.y cos w.g) cos 36,

+ 2(360 + Te . sin w,) sin 36,
—2(120 4+ 77ey sinw,gy) sin B, — 2(a + Te.ocoswy)]  (63)

b) Case c¢p =0

In this case, rank(C) = 3. Here, we eliminate the terms that are
proportional to sin 6. and sin 26,, and the bias term at 6, = 0, by
suitably setting Ap.y, Avyy, and Av,. Each component of dp, is
expressed as

Apy=0 (64)
Ap,=0 (65)
dcnco . . .
Avyy=— (13+4/3asin 2i.9 — e sinw,g) (66)
32s¢
dan'O . . .
Avy=— (230 8in 2i 4+ 7v/3¢. sin @) (67)

3254

When the initial values are set according to Eqgs. (52), (53), and (64—
67), and the inclination of the chief is set as cosi,, = /1/5 and
sini,y = 4/4/5 so as to satisfy Eq. (56), Ad in this case becomes

d,
Ad — c
160
—2(12+/3a 4 5¢ .4 sinw,g) sin 36,
—2(ae — 30e, cos w,y) cos 26,

+ 11(7a — 10e cos w,g) cos B, — (67a — 60e 4 cos w.)] (68)

[—15ccos48, + (Ta — 10e o cos wg) cos 36,
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IV. Numerical Examples

We calculate the variation in the relative distance caused by J,,
where the deputy makes a GCO, and compare the simulation results
with the analytical ones. We independently carry out simulations of
the chief and the deputy under the effects of J, and calculate the
variation in the relative distance. The equations of motion used in
these simulations are

dr. _ H

T —r—grc +f. (69)
Pro__HooLg (70)
dt2 - rg' d d

where d’r,/d#? and d*r,/d¢? are the second time derivatives of the
position vector of the chief and the deputy, and f, and f, are the J,
forces per unit mass exerted on the chief and the deputy, respectively.
f. and f, are expressed as

3 uJ,R? .
— 2 2 2 2
fc__ 7 [(Srpk_rc)rc_zrcrckk] (71)
2 rk
6 : r T T
A "‘
i 1)
" 1 !
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f
d2r;

(572 — 1)y — 2727 K] (72)

where K is the unit vector directed from the center of the Earth to the
North Pole, and r,; and r, are the components of r. and r,, respec-
tively, in the direction of k such that

rck2r5~k, rdkzrd-f( (73)

By expressing the components of f.. in the Hill coordinates, Eqs. (1—-
3) are derived [16].

In this simulation, the orbit elements of the chief at the ascending
node (6, = 0) are set as

aq = 7178 [km],

W = 90°

QCO =0°,
i = 63.4°

e.o = 0.0005

The relative distance between the chief and deputy at the ascending
node d, is 50 m. The initial phase angle ¢ of the deputy at the chief
ascending node is set as ¢ = 7r/2 so as to satisfy Eq. (56). The initial
values of the deputy are given in the following two cases: Case A
—3py [Eq. 47)], and Case B—3p, [Eq. (47)] +Adp,, where
Eqs. (52), (53), and (64-67) are used for Adp,,.

Simulation studies of the GCO are performed by using Eqgs. (69—
72) for 10 orbit periods of the chief. Figure 1a shows Ad in Eq. (49),
Ad, given in the appendix, and the difference between the two
(Ad — Ad,) for Case A; and Ad in Egs. (49) and (68) for Case B. As
shown in this figure, secular terms exist in Ad because of e, and
these terms gradually increase. The simulation results agree well with
the analytical ones. Figure 1b shows the magnified figure of Ad in
Eqgs. (49) and (68) and the difference between the two for Case B. As
shown in this figure, it is clear that the secular terms are eliminated,
and the distance variation is largely decreased in Case B; the simul-
ation results also agree well with the analytical ones. The methods to
obtain the suitable initial values by the use of the mean orbit elements
[13,17] are difficult to apply to this case, because the transformation
matrix between the mean orbit elements and the osculating orbit
elements has singularity at this inclination [9].

V. Conclusions

In this study, the effects of the J, perturbation caused by the Earth’s
gravitational potential on the relative distance between two space-
craft within one orbit period were analyzed by focusing on a case
wherein the chief spacecraft is in a near-circular orbit and a deputy
spacecraft makes a formation with a constant distance from the chief.
We used the osculating orbit elements of the chief and obtained a
state transition matrix of the relative position and velocity of the
deputy. By using this state transition matrix, the relative distance
variation was expressed analytically, and the initial values of the
deputy were obtained without using the mean orbit elements in order
to decrease the variation. From the results of the analysis and
numerical simulations, it was found that the distance variation for the
deputy with respect to the chief was largely reduced by properly
setting the aforementioned values. The results of this study can be
applied to a telescope mission, for example, in cases where a large
focal distance is achieved by the formation flying of two spacecraft
and where the relative distance between the spacecraft is required to
be precisely maintained. In particular, the osculating orbit element
descriptions of the relative distance variation and the proper initial
values of the deputy are expressed in simple forms and, thus, are
easily applied to control problems of the relative distance.

Appendix

By substituting 8p, from Eq. (47) into §p(0) and calculating Ad
using Eq. (49), we obtain the following Ad, for a GCO where the
second- and higher-order terms of J, and e, are neglected:
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Ad, = aod, [1% (=1 4 3c0s%i )0, sin(20, + 2¢)

- % sin?i 0, (sin 20, + sin2¢) — % (2+/3 cos ¢sin i,

1
+ 3sin¢)0. cos(, + ¢) + %sinzico cos(40, + 2¢)

- % (1 4 2cos?i,4) cos(30, + 2¢) + %sin 2i,sin(36, + 2¢)
21 5. 1 2

+ ﬁ (3cos?i, g — 1) cos(26, + 2¢) + 7 (11cos?iy

+ 25) cos 26, + 16 sin2i,[3 sin(26, + 2¢) + sin 26,

—3sin(f, + 2¢) + 10sin 6.] — ;—2 (11 + 14cos?i.) cos(6,

1 3J3
+ 2¢) + — (1 — 10cos?i,) cos 6, — isin 2i,0sin2¢
16 16
1

+ 128

9
(205 — 61cos?i,) cos 2¢ — o 3- coszico)]
3 . .
+ eqod.|— 3 (sinw,y cos ¢ + 3 cos w, sin )b, cos(6, + @)

1 3
+ Rcos(wc —wy +2¢) — 7 [7cos(26, — w.o + 2¢)
—3co0s(20, + w,y) — 18sin(w,y + @) sin(260,. + ¢)]
1
+ EB cos(0,. + we + 2¢) + 6cos(6, — wo + 2¢)
+ 14 cos(6, + w.y) + 8cos(b, — w.y)]

1
+ o [21 cos(w.g + 2¢) + 7 cos(w,o — 2¢) — 80 cos wc,o]]
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